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We apply the S-unit theorem for a function field K with positive characteristic to
show that under certain conditions the height of the S-integral points of
Pn(K)&[2n+2 hyperplanes in general position] is bounded. We also provide
examples to show that the conditions are necessary.  1999 Academic Press
1. INTRODUCTION
Throughout the paper we will let K be the function field of an irreducible
nonsingular projective algebraic curve C of genus g defined over an
algebraically closed field k of characteristic p. Given a point P # C, we
denote by vP the normalized valuation associated to P. For elements
f0 , ..., fn of K, not all zeros, we define the height as
h( f0 , ..., fn) := :
P # C
&min[vP( f0), ..., vP( fn)].
For an element f of K, we define the height as
h( f ) := :
P # C
&min[0, vP( f )].
Let S be a finite set of points of C. An element f # K is said to be an S-unit
if vP( f )=0 for all P  S.
We now recall the definition of (S, D)-integral points. (cf. [Voj]).
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Definition. Let D be a very ample effective divisor on a projective
variety V defined over K and let 1=x0 , x1 , ..., xN be a basis of the vector
space:
L(D)=[ f | f is a rational function on the variety V
such that f =0 or ( f )+D0].
Then {  (x1({), ..., xN({)) defines an embedding of V(K)&D into the
affine space KN. A point { of V(K)&D is said to be an (S, D)-integral
point if vP(xi ({))0, \P  S, 1iN.
For a function field K, the geometric meaning of (S, D)-integral points
is closely related to intersection theory. We will discuss this after the state-
ment of Lemma 1.
Let q be an integer no less than n+1 and Li=nj=0 a ijX j , where aij # K
and 1iq. Denote by Hi the hyperplane corresponding to Li . Suppose
that H1 , ..., Hq are in general position, i.e. the determinant of the matrix
corresponding to the coefficients of any n+1 linear forms among Li ,
1iq, is not equal to zero. In [Wa2], we used the refined version of the
S-unit Theorem [Br-Ma] to find a bound on the height and a bound on
the number of the (S, >2n+1i=1 Hi)-integral points over function fields of
characteristic 0. In the same paper, we also use the explicit bound on the
number of solutions of S-unit equations over number fields [Schl] to
obtain an explicit bound on the number of (S, >2n+1i=1 Hi)-integral points
over number fields. On the other hand, one can also obtain the analogous
results for holomorphic functions into complex projective spaces omitting
hyperplanes with holomorphic coefficients by the same method [Wa3].
For further discussion, see [Wa5].
However, when the characteristic of the function field K is positive, the
refined version of the S-unit Theorem does not hold, and the height of the
S-integral points of Pn(K)&[2n+1i=1 H i] is not bounded in general. For
example:
Example 1. Let K=k(t), characteristic of k be a positive integer p,
S=[0, 1, ], and L1=X0 , L2=X1 , L3=X0&trX1 , where r is a
fixed integer. Then [(1, t p n&r)]n>0 is a sequence of S-integral points
of P1(K)&[3i=1[Li=0]]. However, the height of this sequence of
S-integral points is not bounded.
Since the statement of the main theorem is a little complicated, we state
the result in P1(K) first.
Theorem in P1(K). Let p>0 and S be a set consisting of finitely many
points in C. Let L1=X0 , L2=X1 , L3=X0+aX1 , and L4=X0+bX1 , where
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a, b # K. If a and b are linearly independent over k, then for all S-integral
points ( f0 , f1) of P(K)&[4i=1[Li=0]]
h( f0 , f1)pm&1(2g&2+|S _ S | )+h(a)+h(b),
where m is the least positive integer such that a and b are linearly inde-
pendent over K pm, and S =[P # C | vP(ab){0]. Furthermore, the S-integral
points ( f0 , f1) of P1(K)&[4i=1[Li=0]] can be effectively determined and
the number of such points (up to constant factors in each coordinate) is
bounded by
(2pm&1 max[0, 2g&2+|S _ S |]+1)2|S|.
The next example shows that the condition of linear independence on a
and b over k is necessary.
Example 2. Let K=k(t), characteristic of k= p>2, S=[0, 1, &1, ],
L1=X0 , L2=X1 , L3=X0+X1 , L4=X0&X1 . Then [(1, t p
n
)]n>0 is a
sequence of S-integral points of P1(K)&[4i=1[Li=0]] and the height of
this sequence is not bounded.
In Section 2, we will state the main theorem and provide an example to
show that the condition on the theorem is necessary. In Section 3, we will
prove the main theorem.
2. THE MAIN RESULTS
Let Li , 0i2n+1, be linear forms in Pn(K) and in general position.
After a linear change of coordinates over K, we may assume that Li=Xi ,
for 0in, and Ln+1+i=nj=0 aij Xj , for 0in, where aij are elements
of K. It’s easy to see that each aij is not zero because that the linear forms
are in general position. Let Sn be the permutation group of [0, 1, ..., n].
Main Theorem. Let K be the function field of a nonsingular projective
algebraic curve C which is defined over an algebraically closed field k with
positive characteristic p and S be a set consisting of finitely many points of
C. Let Li=Xi , 0in, and Ln+1+i=ni=0 aijX j , 0in, where aij are
elements of K. Assume that Li , 0i2n+1, are in general position. If the
set [>ni=0 ai_(i) | _ # Sn] is linearly independent over k, then for all S-integral
points ( f0 , ..., fn) of Pn(K)&[2n+1i=0 [Li=0]]
h( f0 , ..., fn)
n(n+1)
2
pm&1 max[0, 2g&2+|S _ S |]+ :
0i, jn
h(aij),
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where S =[P # C | vP(>0i, jn aij){0], and m is the least positive integer
such that the set [>ni=0 ai_(i) | _ # Sn] is linearly independent over K
pm.
Furthermore, the S-integral points ( f0 , ..., fn) of Pn(K)&[2n+1i=0 [Li=0]]
can be effectively determined and the number of such points (up to constant
factors in each coordinate) is bounded by
[n(n+1) pm&1 max[0, 2g&2+|S _ S |]+1] (n+1)|S|.
The next example shows that the condition of linear independence on the
product of the entries can not be simply removed.
Example 3. Let K=k(t), characteristic k= p>0, S=[0, 1, ], and
L0=X0 , L1=X1 , L2=X2 , L3=X0+tX1+t4X2 , L4=X0+(t2+t) X1+
tX2 , L5=X0+(t3+t) X1+t 2X2 . Let ( f0 , f1 , f2)=(t p
n
, &t p n&1, 1). We
have
L3( f0 , f1 , f2)=t4, L4( f0 , f1 , f2)=&t(t&1) p
n
,
L5( f0 , f1 , f2)=&t2(t&1) p
n
.
Therefore, [(t pn, &t p n&1, 1)]n>0 is a sequence of S-integral points of
P2&[5i=0[Li=0]]. However, h(t
p n, &t p n&1, 1)= pn which is not
bounded as n tends to infinity. The elements a11a22 , a11 a32 , a21a12 , a21a32 ,
a31 a12 , a31 a22 in the main theorem are
t2, t3, t6+t5, t4+t3, t7+t5, t4+t2
which are linearly dependent over k. Furthermore, the dimension of the
linear space over k spanned by t2, t3, t6+t5, t4+t3, t7+t5, t4+t2 is 5. This
shows that the linearly independence condition can not be simply removed.
3. PROOF OF THE MAIN THEOREM
The main ingredient of the proof is the S-unit Theorem for function
fields of positive characteristic which is a consequence of the Truncated
Second Main Theorem of function fields [Wa1]. The S-unit Theorem was
obtained by Mason in the case n=1 with arbitrary characteristic [Mas],
and by Voloch and BrownawellMasser independently for general n with
zero characteristic [Br-Ma], [Vol]. Recently, the author obtained a
sharper bound for the order sequences of Wronskians in the case of
positive characteristic [Wa4]. Therefore, the bound on the S-unit Theorem
of positive characteristic can be improved. However, for simplicity we will
state the S-unit Theorem in [Wa1].
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S-unit Theorem. Let K be the function field of a nonsingular projective
algebraic curve C defined over an algebraically closed field k with charac-
teristic p0, and S be a set consisting of finitely many points of C. Suppose
that f0 , ..., fn+1 are S-units of K. If f0+ } } } + fn= fn+1 and f0 , ..., fn are
linearly independent over kK pm for some positive integer m, then
h( f0 , ..., fn)
n(n+1)
2
c(k) max[0, 2g&2+|S|],
where
c(k)={ 1pm&1
if p=0
if p>0.
Proof. See [Wa1]. K
We also need the following results.
Lemma 1. Let q be an integer no less than n+1; Hi , 1iq, be hyper-
planes in Pm(K); and Li be the corresponding linear forms. If ( f0 , ..., fn) is
an S-integral point of Pn(K)&[qi=1 H i], then for all P  S
vP(Li ( f0 , ..., fn))= min
0 jn
[vP( f j)], 1iq.
Proof. See [Wa2]. K
Remark. Suppose that ( f0 , ..., fn) is an S-integral point of Pn(K)&
[qi=1 Hi]. If the coefficients of the linear forms are in the constant field k,
then f =( f0 , ..., fn) is a map from the curve C to Pn(k). This lemma then
implies that the intersection points of f (C) and [qi=1 Hi] are contained in
the finite set [ f (P) | P # S].
Lemma 2. Let H be a positive integer. Then (up to constant factors) the
number of S-units f in K with h( f )H is at most
(2H+1) |S|.
Furthermore, such S-units can be determined effectively.
Proof. See [Wa2]. K
Proof of the Main Theorem. Since k=i=0 K
pi [GaVo], if the set
[>ni=0 ai_(i) | _ # Sn] is linearly independent over k, then there exists an
integer m which depends only on aij such that the set [>ni=0 ai_(i) | _ # Sn]
is linearly independent over K pm. By Lemma 1, f0  fn , f1 fn , ..., fn  fn are
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S-units. Therefore, we may assume that fn=1, and f i , 0in&1 are
S-units. Denote by li=Li ( f0 , ..., fn), n+1i2n+1. Then li , n+1i
2n+1, are also S-units. Since L0 , ..., L2n+1 are in general position, aij {0.
Without loss of generality, we let ain=1 for every n+1i2n+1. Let
S =[P # C | vP(>0i, jn aij){0], which contains only finitely many
points. We then have the following S _ S -unit equations.
ai0 f0+ai1 f1+ } } } +ai, n&1 fn&1+1=ln+1+i ,
where 0in. If a;0 f0 , a;1 f1 , ..., a;n&1 fn&1 , and 1 are linearly inde-
pendent over K pm for some 0;n, then by the S-unit Theorem, for
0 jn&1,
h(a;j fj)h(a;0 f0 , a;1 f1 , ..., a;, n&1 fn&1 , 1)

n(n+1)
2
pm&1 max[0, 2g&2+|S _ S |].
The number of solutions of the set [ f0 , ..., fn&1 , 1] is equal to the number
of solutions (up to constant factors in each component) of the set
[a;0 f0 , ..., a;, n&1 fn&1 , 1] which by Lemma 2 is no more than
(n(n+1) pm&1 max[0, 2g&2+|S _ S |]+1) (n+1)|S|.
Furthermore, from the definition of height we have
h( f0 , ..., fn)h(ai0 f0 , ai1 f1 , ..., ai, n&1 fn&1 , ai, n fn)+h \ 1ai0 , ...,
1
ain+

n(n+1)
2
pm&1 max[0, 2g&2+|S|+|S |]+ :
0i, jn
h(aij).
Therefore, we only need to consider the case where each set
[ai0 f0 , ..., ai, n fn], 0in, is linearly dependent over K p
m
. The next
lemma will show that this is impossible if [>ni=0 ai_(i) | _ # Sn] is linearly
independent over K pm. The theorem is then proved. K
Lemma 3. Let fi and aij , 0i, jn, be non-zero elements of a field E. If
each set [ai0 f0 , ai1 f1 , ..., ain fn], 0in, is linearly dependent over a sub-
field F of E, then the set [>ni=0 ai_(i) | _ # Sn] is linearly dependent over F.
Proof. We will prove this lemma by induction. When n=1, we may
assume the following linearly dependent relations over F
;00a00 f0+;01a01 f1=0
;10a10 f0+;11a11 f1=0,
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where ;ij # F. Therefore, we have
};00a00;10a10
;01a01
;11a11 }=0. (1)
Since fi and aij are not zeros, ; ij {0 for each i, j=0, 1. Therefore, a00a11
and a01 a10 are linearly dependent over F. By induction, we assume that
Lemma 3 is true for all positive integers less than n. In the case of n, since
ai0 f0 , ai1 f1 , ..., ain fn are linearly dependent over F for all 0in, we may
assume the following nontrivial linearly dependent relations over F.
;i0a i0 f0+ ;i1a i1 f1+ } } } +;inain fn=0, (2)
where ;ij # F and 0in. Let
;00 ;01 } } } ;0n
M=\ b b . . . b +;n0 ;n1 } } } ;nn
From the n+1 linear equations in (2), we have
;00a00 ;01 a01 } } } ;0na0n
} b b . . . b }=0.;n0an0 ;n1 an1 } } } ;nnann
Therefore, it suffices to show that there exists a _ # Sn such that
>ni=0 ; i, _(i) {0. It is also equivalent to show that after permuting rows and
columns of the matrix M the product of the diagonal entries is not zero.
For simplicity of notation, we will still denote the ijth entry of the new
matrix obtained by permuting rows or columns of the matrix M as ;ij .
Therefore, we will show that >ni=0 ;ii {0 after permuting rows and
columns of the matrix M. We first observe the following.
Proposition 1. Assume that Lemma 3 holds for every positive integer
less than n. Then the set [>ni=1 a i_(i) | _ # Sn] is linearly dependent over F if
;ij=0 for all i # [r0 , ..., rd], and j # [cd+1 , ..., cn], where [r0 , ..., rd] and
[cd+1 , ..., cn] are nonempty index subsets of [0, 1, ..., n].
The proof is as follows. Without loss of generality, we may assume that
[r0 , ..., rd]=[0, ..., d] and [cd+1 , ..., cn]=[d+1, ..., n]. Therefore we have
the following nontrivial linear equations
;i0a i0 f0+;i1 ai1 f1+ } } } +; idaid fd=0,
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where 0id. By induction assumption, the set [>di=1 ai_(i) | _ # Sn] is
linearly dependent over F. Therefore, the set [>di=1 ai_(i) >
n
j=d+1 ajj |
_ # Sd] is linearly dependent over F. Hence, the set [>ni=1 a i_(i) |_ # Sn] is
linearly dependent over F.
If ;i0=0 for all 0in, then the set [>ni=1 ai_(i) | # Sn] is linearly
dependent over F by Proposition 1. Therefore, we may assume that ;00 {0
after permuting rows of the matrix M. Since n is a finite number, it suffices
to show the following.
Claim. Assume that Lemma 3 holds for every positive integer less than n.
If >ri=0 ; ii {0, then either the set [>
n
i=1 a i_(i) | _ # Sn] is linearly dependent
over F or >r+1i=0 ;ii {0 after permuting some rows or columns of the matrix M.
We will assume that >ri=0 ; ii {0 for the rest of the proof. If ;i, r+1 {0
for some r+1in, then we can exchange the ith row with the (r+1)st
row such that ;jj {0, for all 0 jr+1. Therefore, it remains to consider
when ;i, r+1=0, for r+1in. After permuting some rows and columns,
this is reduced to the situation
{>
r
i=0 ;ii {0
;i, r+1 {0 for 0ibr, and ;i, r+1=0 for b+1in,
(3)
where b is a positive integer. We then observe that the Claim holds in the
following case.
Proposition 2. If (3) holds and ;ij {0 for some r+1in, 0 jb,
then >r+1i=0 ;ii {0 after permuting some rows and columns of the matrix M.
The proof of Proposition 2 is as follows. Under the assumption, we can
exchange the ith row with the jth row. Then the ( j, j)th entry of the new
matrix is still not zero and the (i, r+1)th entry is not zero. We then again
exchange the ith row with the (r+1)st row of the new matrix. Hence
;ii {0 for 0ir+1. This proved this proposition. Therefore, in addition
to (3) we may assume that
;ij=0 for all r+1in, 0 jb. (4)
If b=r, then the claim is true by Proposition 1 with d=n&r&1. If b<r,
after permuting some columns between the (b+1)st and rth column and
some rows between (b+1)st and rth row we may assume that in addition
to (3), we have the following
Condition 1.
{; ij=0, for all r+1in, 0 jc1 .for each c1+1jr, there exists i, r+1in, such that ;ij {0.
(a)
(b)
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For c1+1lr, assume that ;i l l {0 for some r+1i ln. If ;lm {0
for some 0mb, then we can exchange the lth row with the il th row
such that ;ll {0, and ;i l m {0. Since under these row and column permuta-
tions (3) still holds, by Proposition 2 we can permute some rows such that
;ii=0 for 0ir+1. Therefore, we only need to consider when ;ij=0 for
all c1+1ir, 0 jb. Hence, in addition to (3) and Condition 1 we
have
;ij=0 for c1+1in, 0 jb. (5)
Again, after permuting some columns between the (b+1)st and c1 th
column and permuting some rows between the (c1+1)st and rth row we
may assume that there is a number c1c2b such that in addition to (3)
and Condition 1 the following holds.
Condition 2.
{; ij=0, for all c1+1in, 0 jc2 .for each c2+1jc1 , there exists i, c1+1ir, such that ; ij {0.
(a)
(b)
If c2=c1 , then the Claim is true by Proposition 1 with d=n&c1&1.
Therefore, we may assume that c2<c1 . For each c2+1qc1 , we assume
that ;sq {0 for some c1+1sr. By (1b), we have ;i s s {0 for some
r+1isn. If ;qe {0 for some c2+1ec1 , we may exchange the is th
row with the sth row such that the (s, s)th entry and the (is , q)th entry of
the new matrix are not zeros. Since under these row and column permuta-
tions (3) still holds, then by Proposition 2 we can permute some rows such
that ;ii {0 for 0ir+1. Therefore, in addition to (3), Condition 1 and
Condition 2, we may assume that ;ij=0 for all c2+1ic1 , 0 jb.
Hence, we have
;ij=0 for c2+1in, 0 jb. (6)
Repeating this argument, either we can show the Claim holds or we can find
a strictly decreasing sequence of positive numbers [ct] such that ;ij=0 for
all ct+1in, 0 jb. Since bctr, we have cm=b for some finite
positive integer m. Therefore we have ;ij=0 for all b+1in, 0 jb.
Then the Claim is true by Proposition 1 with d=n&b&1. The proof is
therefore completed. K
In the appendix, we include the matrix corresponding to Condition 1
and 2 in order to keep track of the notation.
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APPENDIX
;00 } } } } } } ;0b } } } ;0c2 } } } ;0c1 } } } } } } ;0, r+1 } } } ;0n
b b b
;b0 ;b, r+1 } } } ;bn
b 0
b b
;c2 , 0 0
b ;qe b
M=
;c1, 0 0
b ;lm b
b ;sq b
;r0 b 0
0 } } } 0
b ;is s b
b b b ;il l 0
b b b
0 } } } } } } 0 0 ;nn
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